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The internal structures of the JPC = 1−−, (0, 1, 2)−+ chamronium-like hybrids are investigated
from lattice QCD in the quenched approximation. We define the Bethe-Salpeter wave function Φn(r)
in the Coulomb gauge as the matrix element of a spatially extended hybrid- like operator c¯cg between
the vacuum and the n-th state for each JPC with r being the spatial separation between a localized
c¯c component and the chromomagnetic strength tensor. Φn(r)’s show some similarities for states
with aforementioned different quantum numbers, and their r-behaviors (no node for the ground
states and one node for the first excited states) imply that r can be a meaningful dynamical variable
for these states. As such a charmonium-like hybrid can be viewed as a color halo charmonium that a
relatively localized c¯c in a color octet surrounded by gluonic degrees of freedom, and can readily decay
into a charmonium state along with one or more light hadrons. This picture is compatible with the
decay properties of Y (4260) and suggests LHCb and BelleII to search for (0, 1, 2)−+ charmonium-like
hybrids in χc0,1,2η and J/ψω(φ) final states.
PACS numbers: 11.15.Ha, 12.38.Gc
In the constituent quark model, mesons are interpreted
as quark-antiquark (qq¯) bound states. However, since
gluons are also fundamental degrees of freedom of QCD,
they are expected to build hadrons either by themselves,
such as glueballs, or make so-called hybrids along with
quarks. Glueballs and hybrids are exotic hadron states
that have been searched for a long time by experiments.
On the other hand, last decade witnesses the discovery of
quite a lot of charmonium-like and bottomium-like states,
generally called XY Z particles (see Ref. [1] for a review),
whose exotic properties motivate extensive phenomeno-
logical studies. Among XY Z particles, Y (4260) (or
ψ(4230) named by PDG 2018 [2]) can have the possible
assignment of a vector charmonium-like hybrid [3], owing
to its strange production and decay properties, as well as
its mass adjacent to that of 1−+ charmonium-like state
predicted by previous phenomenological and lattice QCD
studies [4–12]. Apart from its mass, a quenched lattice
calculation also predicts the leptonic decay width of the
vector charmonium-like hybrid to be roughly smaller
than 40 eV [13], which explains to some extent the
absence of Y (4260) (if a hybrid) in the R-value scan of
e+e− annihilation processes, and is compatible with the
estimate from its isospin symmetric decays [14, 15].
A recent lattice calculation [16] shows that there ex-
ists a {1−−, (0, 1, 2)−+} charmonium-like supermultiplet
with nearly degenerate masses around 4.2-4.4 GeV, which
overlaps strongly to cc¯g type operators. This interesting
observation hints that these states may have similar
internal dynamics, while the different quantum numbers
are due to the different couplings of the spin states of
the c¯c and a chromomagnetic excitation (JP = 1+).
Specifically, the c¯c pair in the 1−− state is a spin singlet,
while that in (0, 1, 2)−+ states is a spin triplet. Thus
the relative S-wave between the c¯c pair and the chro-
momagnetic excitation can give the right JPC quantum
numbers. In this work, we would like to investigate the
internal structure, and thereby the dynamics through the
Bethe- Salpeter (BS) wave functions of charmonium-like
hybrids from lattice QCD. As an exploratory study, we
adopt the quenched approximation, where at least the
1−+ hybrid is well-defined.
Numerical details: The numerical strategy is out-
lined below. We generate gauge configurations on two
anisotropic lattices using the tadpole improved gauge
action [17, 18]. The aspect ratio is taken to be ξ =
as/at = 5 , where as and at are the spatial and temporal
lattice spacing, respectively. The configuration param-
eters are listed in Table I, where as’s are determined
from r−10 = 410(20) MeV. The much finer lattice in the
temporal direction facilitates us to tackle heavy particles
on relatively coarse lattices. For the charm quark we use
the tadpole improved clover action for anisotropic lattices
[19] and the bare charm quark mass are determined by
the physical mass of J/ψ, mJ/ψ = 3.097 GeV.
According to the discussion above, we introduce the
following spatially extended interpolating operators for
charmonium-like hybrids,
O0−+
H
(r, t) =
∑
~x,|~r|=r
c¯a(~x, t)γic
b(~x, t)Babi (~x+ ~r, t)
Ok
1−+
H
(r, t) =
∑
~x,|~r|=r
c¯a(~x, t)γic
b(~x, t)Babj (~x+ ~r, t)ijk
Ok
2−+
H
(r, t) =
∑
~x,|~r|=r
c¯a(~x, t)γic
b(~x, t)Babj (~x+ ~r, t)|ijk|
Ok
1−−
H
(r, t) =
∑
~x,|~r|=r
c¯a(~x, t)γ5c
b(~x, t)Babk (~x+ ~r, t) (1)
where a, b = 1, 2, 3 are color indices, Bk is the chromo-
magnetic field strength, and the summation over ~r with
the same length r = |~r| is to justify the correct quantum
number. Note that spin J = 2 corresponds to T2 ⊕ E
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2TABLE I. The input parameters for the calculation. Values
for the coupling β, anisotropy ξ, the lattice spacing as, lattice
size, and the number of measurements are listed.
β ξ as(fm) Las(fm) L
3 × T Nconf
2.4 5 0.222(2) 3.55 163 × 160 500
2.8 5 0.138(1) 3.31 243 × 192 200
where T2 and E are the irreducible representation of the
lattice symmetry group O, so the Ok
2−+
H
(r) are the three
components of T2. That’s to say, for each operator, the
color octet c¯c pair is set to the same spatial point and
separated from the Bk operator by a spatial displacement
~r, which reflects qualitatively the hybrid nature, namely,
the center-of-mass motion of the c¯c pair recoiling against
additional gluonic degrees of freedom. Obviously, these
operators are gauge dependent when r 6= 0 (taking r = 0
will recover the commonly used hybrid operators in the
literature), so we work in the Coulomb gauge. By the
way, it is easy to see that the quark-bilinear operator
c¯γic and c¯γ5c are spin triplet and singlet, respectively, in
the non-relativistic approximation.
The Bethe-Salpeter (BS) wave functions Φn(r) of a
state H is defined by the matrix element 〈0|OH(r)|H〉,
which can be extracted from the two-point functions
CH(r, t) = 〈OkH(r, t+ τ)O(W ),k†H (τ)〉 (2)
through the parameterization
CH(r, t) =
∑
n
1
2mnV
Zn(r)Z
(W )∗
n e
−mnt
≡
∑
n
Φn(r)e
−mnt (3)
where possible polarizations are implicitly
summed. O
(W )
H (τ) is a wall-source operator
defined on the time-slice τ for H (for example,
O
(W ),k
1−+
H
(τ) =
∑
y,z
c¯a(y, τ)γiB
ab
j (z, τ)c
b(z, τ)ijk),
Zn(r) = 〈0|OkH(r, 0)|n〉, and Z(W )n = 〈0|O(W ),kH (0)|n〉.
Φn(r) is proportional to Zn(r) and is defined as the BS
wave function (up to a r-independent factor). In the
data analysis stage, for each quantum number, since mn
are the same for different r, we perform simultaneous
multi-exponential fits to CH(r, t)’s by using a correlated
minimal-χ2 fit method with the jackknife covariance
matrix, which result in the parameters mn and Φn(r)
directly.
Data analysis: Since the quantum number JPC = 1−+
is prohibited for qq¯ mesons, the 1−+ hidden charm states
must be hybrid-like states in the quenched approxima-
tion. According to the numerical strategy introduced
above, we perform the data fitting using the model in
Eq. (3) to correlation functions C(r, t) with r ∈ [0, rmax]
(n = 3, rmax = 0.89 fm for β = 2.4 and n = 3, rmax =
FIG. 1. The mass spectrum and BS wave functions Φn(r) of
1−+ states. The upper panel shows the masses of the lowest
three states fitted at different tmin’s. The lower panel shows
Φn(r) of thses states. The open and filled circles are the
results at β = 2.4 and β = 2.8, respectively. One can see that
the finite lattice spacing effect is small.
0.74 fm for β = 2.8). In the fitting procedure, we fix
the upper limit of the fitting window (tmax/at = 20 for
β = 2.4 and tmax/at = 20 for β = 2.8, respectively) and
let the lower bound tmin vary. Figure 1 shows the fitted
masses mn of the lowest three states versus tmin, where
the mass values are converted to the ones in the physical
unit using the lattice spacings listed in Table I, where
the colored bands are the averaged mass values weighted
with the reciprocals of the error squared at different
tmin’s. It is seen that the fitted masses are very stable
and insensitive to tmin, and the masses of the lowest two
states show little finite as effects. The BS wave functions
Φn(r) can be derived simultaneously for the lowest three
states and the best-fit results (at tmin/at = 2 for β = 2.4
and tmin/at = 5 for β = 2.8) of Φn(r) (normalized by
Φn(0)) on the two lattices are illustrated in the lower
panel of Fig. 1, where r is in physical units converted
from as listed in Tab. I. The data points are connected
by straight lines to guide eyes. Obviously, Φn(r)’s show
little lattice spacing dependence and have clear radial
nodal structures: Φ1(r) has no radial node, Φ2(r) has
one node and Φ3(r) has two nodes.
3FIG. 2. The spectrum of the 2−+ states. The layout is
similar to the upper panel of Fig. 1.
JPC = 2−+ is actually a normal quantum num-
ber for conventional qq¯ mesons which results from the
n2S+1LJ = n
1D2 assignment in the non-relativistic
quark model. For charmonia, the lowest 2−+ is
named ηc2 and belongs to the D-wave supermultiplet
{2−+, (1, 2, 3)−−}. The 1−− charmonium ψ(3770) is
predominantly a D-wave state and the 2−− state ψ2
with a mass mψ2 = 3.823 GeV has been observed by
Belle [20] and BESIII [21]. Even though ηc2 has not
been discovered experimentally, lattice QCD calculations
predict its mass to be around 3.8 GeV using quark
bilinear operators [16, 22]. However, lattice QCD studies
also find that there is also a higher 2−+ charmonium-like
state with a mass around 4.4 GeV which couples almost
exclusively to cc¯g operators [16, 22]. This is confirmed
in this study. We carry out a similar study to the case
of 2−+ using the operator Ok
2−+
H
(r, t) introduced before.
The mass spectrum and the BS wave functions are very
alike to those of 1−+ states. The fit result of the 2−+
spectrum is shown in Fig. 2, while the figure for Φn(r) is
omitted to save space.
The situation in 0−+ and 1−− channels is a little
more complicated, because both quantum numbers are
permitted for conventional c¯c mesons. The ground states
in both channels are ηc and J/ψ with the c¯c pair being in
the spin triplet and spin singlet, respectively, in the quark
model. In contrast, recalling that the c¯c component of
the hybrid operators defined in Eq. (1) for 0−+ and
1−− are in spin triplet and spin singlet, it is expected
that the couplings of these operators to conventional c¯c
states will be suppressed somewhat owing to the spin-
flipping of charm quarks. This has been verified for
1−− in a previous study [13]. Despite this kind of
suppression, it is found that the light conventional c¯c
states contribute substantially to the two-point functions
in Eq. (2). So we use three or four mass terms to fit
the correlation functions. In the three-mass-term fits for
both channels, at larger tmin of the fit window, the ground
states are stable with masses consistent with those of
TABLE II. The mass spectrum of the 1−− and (0, 1, 2)−+
states. Except for masses of the lowest two states in 1−− and
0−+ channels which correspond to conventional charmonia,
other masses are arranged in each row by the number of
nodes (#node) of the BS wave functions of related states. The
values are simple averages over the two lattices and converted
to the physical units using the lattice spacings listed in Tab. I.
#node m(1−−) m(0−+) m(1−+) m(2−+)
(GeV) (GeV) (GeV) (GeV)
0 3.109(5) 3.010(4) - -
0 3.703(82) 3.672(76) - -
0 4.591(69) 4.551(63) 4.309(2) 4.419(3)
1 5.460(31) 5.393(28) 5.693(12) 5.779(12)
2 8.226(99) 8.286(109) 7.661(31) 7.708(29)
J/ψ and ηc, the second states have masses around 3.7
GeV, while the third states have masses of roughly 4.5
GeV with larger spectral weights. We take the lowest
two states to be the 1S and 2S conventional charmonia,
and assign tentatively the third state in each channel
to be the corresponding ground state charmonium-like
hybrid. In the four-mass-term fits with smaller tmin’s,
for each channel, while the lowest state does not change
much, the mass of the second state varies a little, but
the corresponding wave function changes sharply. This
can be attributed to the interplay of conventional nS
charmonia and the ground state hybrid. The third state
is relatively stable when varying tmin and has a mass
close to that of the second states in (1, 2)−+ channels,
so we treat it as the first excited hybrid state in the
corresponding channel. The r-dependence of the BS wave
functions reinforces the above assignments: the wave
functions of the three states in the three-mass-term fit
have no nodes in the r-direction, and those of the third
and the fourth states in the four-mass-term fit have one
and two nodes, respectively.
The fitted mass spectrum is shown in Table II where
the values are simple averages of the two lattices. After
singling out the states that correspond to the conven-
tional c¯c states in 0−+ and 1−− channels, the masses
of the states whose BS wave functions have the same
number of nodes are listed in the same row for all the
four channels. It is obviously seen that the masses of the
0-node states and 1-node states are nearly degenerate
(we do not take seriously the masses of the 2-node states
since they may have substantial contamination from
higher states). The BS wave functions of 0-node states
(except for the states corresponding the the conventional
charmonia in 0−+ and 1−− channels) and 1-node states
in the four channels are plotted in Fig. 3 (the upper
panel for β = 2.4 and the lower one for β = 2.8). The
striking observation is that the wave functions of different
channels almost fall onto each other (the large errors of
the wave functions of 0-node states in the 0−+ and 1−−
channels are due to the fact that these states appear as
4FIG. 3. The BS wave functions(normalized by Φn(0)) of
the 1−− and (0, 1, 2)−+ multiplets with masses around 4.3-
4.5 GeV (0 node) and 5.4-5.7 GeV (one node). The upper
and the lower panels are for β = 2.4 and β = 2.8 lattices,
respectively. It is obviously seen that the BS wave functions
of the states in each multiplet fall almost onto each other.
the third state in the fitting procedure).
Discussion: The nearly mass degeneracy and the
similarity of the BS wave functions of (1, 2)−+ states
at each energy level signal clearly that they have the
similar internal dynamics and therefore the same spatial
structure. It is more interesting that the radially nodal
structure of Φn(r) is compatible with that of the radial
wave functions of the radial excitations in a central
potential. Note that r is the spatial separation of a
local cc¯ operator in color octet from the color octet
chromomagnetic field. The observation above implies
strongly that r is a meaningful dynamical variable for
charmonium-like hybrids. This is conceptually different
from the flux tube picture of a hybrid that the quark
and antiquark pair is connected though an excited color
string [23].
Since charm quark is heavy and if the relativistic effect
is not important, the BS amplitude may be taken as
the approximation of the radial wave function to some
extent. In this sense, Φn(r) implies that the color octet
cc¯ pair resumes a center-of-mass motion recoiling against
some additional degrees of freedom, which are necessarily
gluonic in the quenched approximation. One can readily
treat the gluonic degree of freedom as a ’constituent’
gluon in the chromo-magnetic mode, which acts as a
color octet source and provides a potential in the non-
relativistic picture. Previous lattice studies have shown
that the potential between static color octet sources is
also the Cornell type [24], V (r) = V (0) − αr + 94σr,
where σ is the string tension in the heavy quark potential
and the factor 9/4 is the ratio of the eigenvalues of the
second-order Casimir operators of the color octet and
fundamental representations. This may explain that the
mass splitting (around 1 GeV) of the ground state and
the first excited state hybrids is larger than the 1S − 2S
mass splitting (about 0.6 GeV) of charmonium.
Even though there are no constituent gluons, the
internal configuration of a charmonium-like hybrid can
be that the color octet cc¯ is moving in a central potential
provided by gluons, such that the BS wave function
reflects its center-of-mass movements. Or vice versa,
the charmonium-like hybrids can be viewed as a color
octet cc¯ pair dressed by a color halo made up of gluons.
This picture is conceptually more reasonable. Either
the linear potential scenario or the color halo picture of
the charmonium-like hybrids, the binding mechanism is
due to the strong interaction between color octets and
has interesting physical consequence: the binding can be
broken up by the excitation of soft gluons and the color
octet components can be neutralized easily. As such,
the decay modes of a charmonium plus light hadrons are
expected to be important for charmonium-like hybrids.
The candidate for the 1−− charmonium-like hy-
brid can be Y (4260) whose mass is compatible with
the lattice prediction. BESIII has observed struc-
tures at the center-of-mass 4.22-4.23 GeV of the final
states J/ψpipi, χc0ω, hcpipi, ψ(3686)pipi in e
+e− annihila-
tions [15], which can be the previous Y (4260) (now
named ψ(4230) aka Y (4230) by PDG) if they come from
the same state. The cross sections of these processes
are comparable at the peak position, which can be
understood given the hybrid assignment of Y (4260).
Note that the c¯c pair in the 1−− hybrid is a spin
singlet, the decay modes involving hc and ηc should be
preferable to those involving J/ψ, χc0 and ψ(3686) owing
to the suppression of the spin flipping of heavy quarks.
However, the hcpi
+pi− decay mode, where hc and pi+pi−
are in relative P -wave, is suppressed by the centrifugal
potential barrier in contrast to the other channels where
the charmonium and light hadrons are in S-wave. The
two effects compensate and result in comparable cross
sections. On the other hand, the 1−− states Y (4360)
and Y (4660), if they do exist, are disfavored to be the
radial excitations of 1−− charmonium hybrids, since their
masses are much lower than the predicted value in this
work.
The (0, 1, 2)−+ charmonium-like hybrids can be also
searched in the decay modes involving a charmonium
state, among which the final state χc0,1,2η may be
important, since there are no suppressions from the spin-
5flipping of heavy quarks and the centrifugal potential
barriers. The disadvantage of these modes is that η only
have a small fraction of the flavor singlet component, but
the QCD anomaly may enhance its production to some
extent if it couples to two gluons. Other modes, such as
J/ψω and J/ψφ (in P -wave), are worthy of consideration,
which are similar to the J/ψpi+pi− and χc0ω decay modes
of the 1−− case. Since these states are heavy and cannot
be observed directly in the e+e− annihilation, BelleII and
LHCb may take the mission to search these states on the
B meson decays B → KH with the would-be hybrids H
decaying into a charmonium plus light hadrons.
To summarize, the internal structures of the JPC =
1−−, (0, 1, 2)−+ chamronium-like hybrids are investi-
gated through their BS wave functions from lattice
QCD in the quenched approximation, where the wave
functions Φn(r) are defined by the state-to-vacuum ma-
trix elements of spatially extended hybrid-like operators
with the color octet c¯c component separated from the
chromomagnetic operator by a spatial distances r. After
singling out the conventional c¯c states in the 0−+ and
1−− channels, we confirm the existence of a 1−− and
(0, 1, 2)−+ supermultiplet, within which the states have
nearly degenerate masses round 4.3−4.6 GeV and similar
BS wavefunctions Φ1(r) without nodes in the r direction.
If these states are the ground state charmonium-like
hybrids, then the first excited states also compose a
supermultiplet with masses around 5.7 GeV, and their
BS wave functions Φ2(r) are almost the same and have
one node. These observations imply that r can be
a meaningful dynamical variable for charmonium-like
hybrids. Therefore, we propose a color-halo scenario
for the internal structure of the charmonium-like hybrids
that a relatively compact color octet c¯c pair is surrounded
by gluonic degrees of freedom. In this sense, the decay
modes of a charmonium plus light hadrons are important
for charmonium-like hybrids. Finally, we advocate LHCb
and BelleII to search these charmonium-like hybrids in B
decays. Specifically, (0, 1, 2)−+ hybrids can be searched
in χc0,1,2η and J/ψω(φ) systems.
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